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Introduction
The classical example of a nonconservative elastic system with follower load is the Leipholz column, in which the acting force is distributed uniformly along the deflected beam. A sufficiently high value of the load yields destabilization of the column. Then a small disturbance results in self-excited lateral flutter vibrations. The magnitude of load at which such a situation happens is called the critical.
A considerable effect on the stability of this system is exerted by the internal and external damping, see for example [5] , the external support of the column [1] , the foundation on which it is laid [8] and also by the action of piezoelectric elements [6] .
An application of electromagnetic actuators for stabilization of rotating shafts was proposed in [3] . It was shown that the magnetic force passively generated by actuators can bring an increase of the rotational velocity at which a shaft loses stability. The efficiency of passive stabilization was also confirmed in systems of columns subjected to a follower load [7] , [13] and fluid-conveying pipes [12] .
It was proved that the active stabilization of shafts can be even more effective [4] . The goal of this work is to examine the active magnetic stabilization of the Leipholz column. The voltage applied to actuators is controlled in a closed loop feedback. We analyze various types of control -depending on the transverse displacement and velocity of the column as well as depending on the electric current in coils of the electromagnets.
The Galerkin two-mode discretisation based on cantilever beam eigenfunctions is applied to the partial differential equation governing the motion of the column. The resultant ordinary equations are coupled with ordinary equations of electro-magnetodynamics of actuators. Then, the stability is determined by numerical calculations of eigenvalues of the linear system.
Examined system
Consider a Leipholz column subjected to the follower load of density q, with electromagnetic actuators (electromagnets) attached at a distance x e from the column support, Fig. 1 . Lateral vibrations in the plane of symmetry x − w are investigated. We assume Figure 1 . Analyzed system -Leipholz column with electromagnetic actuators small deflections w = w(x,t), so a linear model is applicable. The column is made of the viscoelastic Kelvin-Voigt material and subjected to external viscous damping. It is slender enough to make Bernoulli-Euler theory valid, and its dimensions do not change under the load. The effect of gravitation is neglected.
The dynamics of the column is governed by the following equation (see for example [5] )
where L and EI denote the length and flexural rigidity of the beam, m, M a -column mass and mass of the fluid which surrounds the column and is accelerated by its motion, per unit length, β ⋆ , γ ⋆ -coefficients of the internal and external damping, F m -resultant magnetic force generated by actuators, in the direction of w axis, δ e -Dirac's delta function concentrated at x e .
The "+" sign at the load density q corresponds to compression, in the case of tension we change the sign to "−", so the load value is always positive.
We shall analyse the approximate solution w(x,t) to partial equation (1) . This approximation is obtained by the Galerkin procedure based on the first two cantilever eigenfunctions (scaled to the column length and normalized with respect to integrals of their squares)
Galerkin's method yields two second-order ordinary equations with unknown functions T j (t), t 0, j = 1, 2. These functions determine deflection of the first and second modes of the column. We reduce the order of obtained ordinary equations by introduction of new functions
In our previous studies, we found it convenient to determine the state of actuators by the value of magnetic induction in their cores. However, in engineering practice, the measurement of induction is cumbersome, so we have decided to set electric currents which flow in the coils of electromagnets as the state variables. It implies that we have to neglect the effect of magnetic hysteresis and assume a linear primary magnetization curve in a form B = µ ⋆ µ 0 H, where µ ⋆ = 1989 is the relative magnetic permeability of steel, and µ 0 is the permeability of vacuum. The dissipative effect of hysteresis is not significant (but noticeable) [10] , and the BH curve can be approximated by a linear one if the voltage applied to electromagnets is not too high (this is because it does not take the effect of magnetic saturation into account) [9] , thus both simplifications are acceptable.
Let us define u 5,6 = i 1,2 − U 0 /R, where U 0 is a constant voltage on each of the two electromagnets when the column is in the middle -initial -equilibrium position, and i 1,2 -electric currents in the coils of the bottom and upper electromagnet, respectively. The control is the deviation of the voltage, y 1,2 = U 1,2 −U 0 . We obtain the following law of motioṅ
where w e andẇ e denote the deflection and velocity of the column at the point where the actuators are attached
and the resultant magnetic force F m amounts to
In the equations above, the coefficients a i j , b i j depend only on the base functions and their values are given below:
The column considered is a cantilever pipe of length L = 2000 mm, external and internal diameter D = 11. [2] . The value of β ⋆ has been calculated with our own procedure, based on known amount of the energy dissipated in one cycle of vibration of the first bending mode. Each magnetic circuit is l = 300 mm long, with cross-sectional radius a = 2 mm and area A = πa 2 . On the electromagnets cores, N = 1000 copper wire coils of resistance R = 2.38 Ω (copper) are wound. The mass of cores embedded in the column accounts for approx. 4 % of the total mass of the system, thus their effect on dynamics can be neglected. The gap in magnetic circuits in the middle equilibrium of the column (i.e. between the cores embedded in the column and electromagnets) amounts to z = 4 mm. The constant σ denotes electric conductivity of the steel cores. 
Closed-loop control
The zero values of state and control (u u u, y y y) = (0 0 0, 0 0 0) constitute the equilibrium of the system for all values of load q, i.e. f f f (0 0 0, 0 0 0, q) = 0, and q = q cr is the critical load value, for which this steady equilibrium loses stability.
Let ψ ψ ψ be a differentiable function on the state space U ⊂ R 6 with values in R 2 , satisfying ψ ψ ψ(0 0 0) = 0 0 0. We look for a control y y y = ψ ψ ψ(u u u), so that system (8) is stable at u u u = 0 0 0 for a given load q.
The asymptotical stability of system (8) is equivalent to stability of the Jacobian matrix A A A of function f f f , evaluated at u u u = 0 0 0
So without loss of generality we can confine ourselves to the analysis of linear control laws
where
Because the assumed model is a good approximation of a real system providing that the induction in cores is not too high, so the norms of considered matrices have to be bounded.
The observed motion is dominated by the first base function. It means that the control should not depend on the displacement u 3 and velocity u 4 of W 2 . Thus we assume K 13 = K 14 = K 23 = K 24 = 0. We shall investigate the efficiency of the following simplest methods of control:
Control depending on the transverse displacement of the column
In this case, the only non-zero elements of control matrix K K K are K 11 and K 21 . Each coefficient of the characteristic polynomial of the matrix A A A takes the form
where C and D do not depend on the control, and one of them may be equal to 0. From this, we get that K 11 and K 21 should have opposite signs, because otherwise the controls of both electromagnets would act against each other. Moreover, any given values of the coefficients of this polynomial can be obtained if
Thus, the control matrix takes the form
Control depending on the velocity
Similarly as above, we obtain the control matrix for the differential case
Control depending on the electric current
In practice, this method of control is the most important one, because it is easier to measure the current in the coils of electromagnets than the deflection or velocity of the column. The system is symmetric, so the simple control of voltage applied to the lower electromagnet in a function of the current flowing through its coil is the same as the control of voltage on the upper electromagnet in a function of the current in the other coil, i.e. K 15 = K 26 = κ s . It is the same in the case of the cross control of one actuator in a function of the state of the other one,
The coefficients of the characteristic polynomial of the Jacobian matrix A A A are in the form of
where the constants E, F and G do not depend on the control. From this, we can see that a combination of both methods of control (κ s ̸ = 0, κ c ̸ = 0) might be more efficient than an application of simple (κ c = 0) and cross (κ s = 0) control individually. However, for simplicity, we shall analyze them separately, assuming
In next sections, the stability of actively controlled column shall be evaluated by numerical calculations of eigenvalues of Jacobian matrix A A A, for various gain factors. The eigenvalue with the highest real part is decisive for the stability of the system, and will be used for calculations of the critical load.
Stabilization of the column subjected to compression
Firstly, we will study the case when passive action of the magnetic force improves stability of the column. The actuators are attached at 33% of the column length (measuring from its support), and the whole system is put in air.
Assume the control which depends on the transverse displacement of the column. Figure 2 (on the left) depicts the relation between the critical load and voltage on the actuators: without active control, with constant control κ w = −300 V and with optimal control (stabilization) κ w = κ opt . The optimal control is a function of voltage, and for every given U 0 is defined as the value of gain factor (here: κ w ) for which q cr is as high as possible. The active control can significantly improve stability of the system.
In the figure beside, presenting the relation between the critical load and the control for U 0 = 1 V, one can see that the maximum load is reached for the control that yields instability of the unloaded column. The sign of κ w is negative, thus the control increases the voltage on the electromagnet towards whom the column is deflected, which is not an intuitive result. As for the simple control depending on the current, it is the least efficient of all methods if the voltage applied to actuators is low, and stabilizes the column to a similar extent as the control depending on the velocity if the voltage is greater, Fig. 4 . The motion of the column in a direction of one of the actuators results in an increase of the current on the opposite side (the Lenz rule), a stabilizing control should emphasize this effect, thus κ s > 0. The cross control depending on the current stabilizes the system similarly to the simple one.
If the same system is immersed in water, then the passive electromagnetic damping destabilizes the column. Still, the proportional and differential controls can increase the critical load above the value for the system without actuators (the latter -in much less extent and only when the voltage is not too high), Fig. 5 .
In this case, both methods of control depending on the current are only able to diminish the destabilising effect of the passive action of actuators. Moreover, the relation between the efficiency of control and the values of coefficients κ s , κ c for various levels of voltage turns out to be interesting. For example, when the voltage applied to the actuators is low, the simple control improves stability if κ s is negative. However, if a positive value of κ s is sufficiently high, then the same growth of the critical load will occur. On the other hand, greater levels of voltage reverse this relation, with such a difference that the negative values of κ s always deteriorate stability.
If we move the actuators away from the column support to the position x e = 0.67L, then their passive action is more effective and stabilizes both the system put in air and in water. An application of active control yields qualitatively the same conclusions as in the case of x e = 0.33L and low damping of the external surrounding (air). 
Active control in the case of follower tension
We shall study the system immersed in air only, because one can prove that if the external damping is sufficiently high (here: in water), the critical follower tension does not exist and the column remains stable for all values of the load.
As in the previous section, we are beginning with the situation when the passive magnetic damping raises the critical follower force. Unlike in the compression case, we need to move the actuators further away from the support. Let us assume x e = 0.50L. Both the control depending on the deflection and the simple control depending on the current remarkably intensify the passive action of the actuators. The latter enables reaching a greater value of the critical load, but a higher voltage is required. The proportional control is more efficient also for low U 0 , Fig. 6 .
As far as the differential feedback is concerned, it is -unlike in the case of compression -slightly more efficient than the proportional one. The cross control depending on the current results in the same q cr as the simple one.
The same as in the compression case, the optimal stabilization depending on the transverse displacement destabilizes the column with zero load. Here, the sign of κ w is opposite to the sign in the compression case, i.e. it is positive. The differential feedback and both types of the control depending on the current are safer, which means that if q cr = 0 then the actively controlled system is stable. In such circumstances, the control coefficients have the same sign as for the compression. Now let us move to the situation when the passive action of the actuators reduces the critical load, assuming x e = 0.33L. In Figs. 7, 8 and 9 , relations between the critical tension and the gains corresponding, respectively, to the proportional, velocity and current (a simple one) strategies, for various levels of voltage, are presented. In the first Figure 7 . Relation between the critical tension and the control depending on the displacement for U 0 = 0.5 V (on the left) and U 0 = 3 V (right), x e = 0.33L, air. two cases, one can theoretically reach the stability for an arbitrarily large tensional force. Thus, for a given U 0 we define κ opt in a different way than so far, i.e. as the maximum (if positive) or minimum (negative) value of κ w , κ v for which the unloaded column is still stable. As for the signs of the gain factors improving the stability, the value of κ w is Figure 10 depicts reachable in this situation values of the critical follower tension for the active stabilization depending on the displacement and the simple active approach depending on the current. The differential control is slightly less effective than the pro-portional one, and the cross control -than the simple one. As in the compression case, only mechanical methods of control enable full compensation of the passive magnetic destabilization, and an increase of the critical load above the value without actuators. Figure 10 . Critical tensional load for the control depending on the displacement (on the left) and on the current (simple one, right), x e = 0.33L, air.
Conclusions
We analyzed an active closed-loop stabilization of the Leipholz column by means of electromagnetic actuators. All four investigated methods of control -depending on the displacement and velocity of the column, and both methods depending on the current in coils of electromagnets -turned out to be effective in increasing the critical follower compression as well as the critical tensional load of the column.
The effect of control significantly depends on the position at which the actuators are attached to the column, the voltage supplying actuators, the external damping and direction of the load.
The most effective are mechanical controls depending on current state of the column, i.e. on the displacement and velocity. They enable reaching the highest critical loads, which exceed the critical loads of the column without actuators also when the passively generated magnetic force destabilizes the system. Moreover, they work very well also under a low voltage applied to the actuators.
The simple and cross control depending on the current work similarly to each other. They also allow one to raise the critical load remarkably, however they should be used when the passive method stabilizes the system. They also need a higher voltage supplying the electromagnets.
